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1. Introduction

Harmonic map (HM) has been used to recover the Ernst formu-
lation of Einstein’s equations in general relativity [1-4], in which
the solution of Euler-Lagrange equations of the harmonic maps
could be obtained through solving the Laplace-Beltrami’s equation
and the geodesic equations [3]. From the viewpoint of physics, the
traditional theory of harmonic maps contains only the kinetic en-
ergy term. For a wider application of this method, the Lagrangian
of the traditional HM theory was supplemented with a potential
energy term by Duan [5]. This extended HM theory is helpful for
studying the travelling wave solutions of some types of nonlinear
partial differential equations. Recently, researchers discovered the
classical chaos showed a connection to quantum physics via en-
tanglement [6,7]. Here, we asked whether the extended HM the-
ory can recover the classical chaos questions even the Schrédinger
equation in quantum physics.

In classic physics, all physical processes are described by dif-
ferential equations. Over the last several decades, many nonlinear
ordinary differential equations possessing chaotic behaviours have
been discovered [8], including the nonlinear equation for anhar-
monic system in periodic fields [9] given by
d?x  dx

Tl ka — Bx + ax® = bCos(w't), (1)
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where k, o and S are control parameters, and equation for a para-
metrically excited pendulum given by [10]
2

% + k% + [ + BCos(wt)]Sin(x) =0, (2)
where k, o and B are control parameters. To date, the study of
chaotic behaviours using the space distribution of nonlinear par-
tial differential equations has been rare and is currently only in its
initial stage.

Here, we used the extended theory of HM, as the express
of the space distribution of nonlinear partial differential equa-
tions, derivate the classical chaos Egs. (1) and (2). Considering the
chaotic behaviours connects to quantum mechanism via quantum
engagement [6,7], we further found the extended theory of HM
has the solution of the Schrédinger equation for a one-dimensional
harmonic oscillator. Considering the extended theory of HM has
solutions of the Einstein’s equations, classic chaotic solutions and
Schrodinger equation, suggesting the extended theory of HM may
function as a fundamental rule our universe of physics.

2. The extended theory of harmonic maps (HM)

The theory of HM [11-13] became an important branch of
mathematical physics decades ago and has been applied to a wide
variety of problems in mathematics and theoretical physics. In this
section, we re-introduce the formulation of the extended theory of
HM that has been reported by Duan [5].

Let M and N be two Riemannian manifolds with local
coordinates x* (uw=1,2,...,m) on M and local coordinates
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@A (A=1,2,...,n) on N. The metrics on M and N are denoted
by

dP? = g, (x)dxdy”;  dim(M) = )
dL? = Gpg(P)dPAdDE; dim(N) =n

respectively. A mapping

®: M - N
x —> d(®x)

is called an extended harmonic map if it satisfies the Euler-
Lagrange equation resulting from the variational principle §I=0
using the action

I= _[d”x@[—%g"”BMCDAE),,d)BGAB(CD) + V(q>)] (4)

where 0, = E)% V(@) is the potential function of ®4, and V (®) =
V(D! D1, D).

It is obvious that the traditional HM corresponds to the case of
V(®) =0 in Eq. (4). It has been showed that, in two dimensional
case, the solutions of the Ernst equation in Einstein’s general rela-
tivity can be recovered from the Euler-Lagrange’s equations of tra-
ditional HM |[3,14].

The conditions for a map to be harmonic are given by the
Euler-Lagrange equations

oL oL
ST MW:O;A:l,z,...,n (5)
where
L= 280,00, DGy () VE +V (@) VE (6)

The Eq. (5) follows the notational conventions of Wald’s equa-
tion [15]. This Eq. (5) appeared in the original paper of Duan (as
Eq. 2) [5].

By substituting (6) into (5), we can obtain the Euler-Lagrange
equations of extended HM given by

5 0V(P)

1 A A B c A
TgBM(JEgHVBVdD ) + T5c0, @F0, g + G¥ —5n =0, (7)
where l"“‘ are the Christoffels symbols on manifold N given by
aG, G, aG,
A _ 1 -AD BD o 0Ggc
Fae = zG [acbc BT BQDD}’ (®)

In order to obtain a special type of solution of partial differen-
tial Eq. (7), Duan used his published approach [3], which could be
especial convenient to be used to study the solution of the partial
differential Eq. (7). In brief, in the case of ®* (A=1,2,...,n) are
functions solely of the argument o, and o is a function of x* on
the manifold M:

A = PA(0); 9)
o=0(x). (10)
The Eq. (7) can be written as following,
L (as) 1 4 g YD)
+ <d;§>2f‘ + T4 ddc[;B ddCID )g’“’&uaava =0. (11)

This important Eq. (11) appear in the original paper of Duan (as
Eq. 7) [5].

The solution, such as the solution of Sine-Gorden equation, and
the travelling wave solution can be found in certain cases of the
metrics and potential function in the extended Euler-Lagrange Eq.
(11).

If the function o = o (x) satisfies the Laplace-Beltrami equa-
tions

1
Tgau(\@g‘“’apa) =0, (12)
the Eq. (11) will take the form

d? A 4 dOB dOC 1 450V (D)

i g 4o = 7Y er (13)
where
f=g"0,00,0 (14)

is a scalar function on the manifold M.
Because f is not the function of ®4, a rescaling of V(®)

as V(@) = fU(P) re-expresses the Eq. (13) as
d2eA 4 dDB dDC 250U (D)
do? VK4 do T G dPB - (15)

Eq. (15) can be represented as the geodesic equation of a par-
ticle on the Riemannian manifold N subjected to an external force
of
AU (D)

P8 -

This Eq. (15) will become equivalent to the usual geodesic
equations on the manifold N if the external force FA=
0(A=1,2,..., n). Eq. (15) is physical dynamical equation.

F GAB

(16)

3. Chaotic solutions of the extended HM equations

If the chaos equation could be derivate from the Eq. (15) under
certain cases of metrics and potential function, the chaotical be-
haviour satisfied the extended HM equations. In order to evidence
whether the chaotic behaviours exist in the partial differential Eq.
(15), we simplified the case as that the M is the pseudo-Euclidean
space-time and N is a 2-dimensional manifold with coordinates
{®1, ®2}. We suppose that ®! and ®2 are functions of an argu-
ment o = o (x) = k,x* and further assume that P2 =0, ie,

=®(0); P =0; o =kx*. (17)
Under this simplified case, the Eq. (15) can be expressed as

d?o do do
Fn( ) +2F}ZE+F§2

do? do
(D, o) AU (D, o)
11 12 .
—(G 7 +G i R (18)
do do
Ffl(da) 2F%2%+F§2
(GZI HU(CI; ) gz au(ai 0)) (19)

Eliminating the term ( ®32 from the differential Egs. (1

(19), we obtain
F1111—‘%2 dq’ L _ T
T2 Jdo T\'27 T2

d>®
—+2<F}2
[G“ W(P,0)  120U(®.0)

8) and

d
0P do

r <021 au§q>,a) +G223U(q>,a)>] o (20)

F2 0P do

If the chaos equation can be derivate from these geodesical or-
dinary differential equations (20), the partial differential equation
(15) must contain the chaotic behaviours.
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By given the metrics on manifold N are diagonal and take the
following form:

Gn =e%7; Gip=0; Gy =0; Gy = (k—1)e®*7, (21)

where k is a constant.
The Christoffels symbols (8) on the 2-dimensional manifold are
calculated as following,

1 1 1
F}lzi; F}2=j? F%2=—§(k—1);
1 1 1
2 _ R R o
1-‘11 - z(k_-l)’ FlZ 2’ 1-‘22 2 (22)

The detailed procedures of calculation showed in the supple-
mentary information.

By substituting (21) and (22) into (20), the differential Eq.
(20) can be written as following,

| U(D, o (P, o
(| M

} - 0. (23)

We found, under following given potential function U(®, o),
ie.

U, o) = e®*0 [%aqﬁ - Zo@z - }1(2,8 _30)®

1 2b
+§(2ﬁ —30[) — wZ—HCOS (a)U)

wb .
— g sh (wcr)i|, (24)
Substituting (24) into Eq. (23), we obtain
d2® do 3
-— —_—— = o= ©
o2 +kda BP + ad> = bcos(wo); o =k,x (25)

The detailed procedures of calculation showed in the supple-
mentary information.

Comparing the Eq. (25) with (1), ie., the equation of anhar-
monic system in a periodic field, we find that they are of the same
form. Since the Eq. (1) possesses chaotic states that are character-
ized by the existence of a strange attractor in the phase space,
this implies that Eq. (23) for ® = ® (o) should possess the same
chaotic profile.

By giving a new potential function U = U(®, o), i.e.

U, o) = e®*0 {%a sin (&) — %a cos (P)
B

25 + 6w? + wt
—4wsin (00) cos(P) +2(w? + 5) cos (wo ) sin (P)

[@(w? +3) sin (wo) sin (@)

+(w? - 5) cos (wa)cos(¢>)]}, (26)

in which, o and 8 are constants, the Eq. (23) become following,

2
% + kg +[a + B cos (wo)]sin () =0; o =k,x" (27)

The detailed procedures of calculation showed in the supple-
mentary information.

Comparing the Eq. (27) with (2), i.e., the nonlinear equation of a
parametrically excited damped pendulum, we find that they are of
the same form. Since the Eq. (2) possesses chaotic states that are
characterized by the existence of a strange attractor in the phase
space, this implies that Eq. (27) for ®(o’) should possess the same
chaotic profile.

4. Quantum mechanism solutions of the extended HM
equations

The extended equation of HM contains the chaotic solution,
which recently found with connection to quantum physics via
entanglement [1,2]. It would be interested to test whether the
Schrodinger equation in quantum physics can be derived. As a
simple case, we studied the Schrédinger equation for a one-
dimensional harmonic oscillator as below,
d>v 2m ( 1

= (E- §Kx2>‘~ll(x), (28)

where W(x) is the wave function, E is the total energy (constant),
and K is the force constant (the force on the mass being F = —Kx,
proportional to the displacement x and directed towards the origin.

By given the metrics on manifold N are diagonal and take the
following form:

Gi =e®*%; G =0; Gy =0; Gy = —e®*7, (29)

This Eq. (29) is a special case of Eq. (21), ie. k= 0. Thus, the
differential Eq. (20) can be written as following,

2
(o) [ )] o &2

By given the potential function U(®, o) as following, i.e.

_ oo [T 2 M2 M
U(@,0)=¢e [ TP K®o 4h2K0 thKCI)a
2m m m /3
+F(E_K)¢_ﬁka+ﬁ(ZK_E)]’ (31)
whereE, K, m, h are the constants,
Substituting (31) into Eq. (30), we obtain
o 2m 1, .,

The detailed procedures of calculation showed in the supple-
mentary information.

Comparing the Eq. (32) with Eq. (28), we find that they are
of the same form when ®(o) =W (x) and o =x. Since the Eq.
(28) is one of typical equation of Schrodinger equation in quan-
tum physics, this implies that the Eq. (15) contains the Schrodinger
equation in quantum physics.

Since the extended HM (when the potential function V(®) =0
in the Eq. (4)) can be recovered the Einstein’s equations in gen-
eral relativity [14], and the same theory can also recover the
Schrodinger equation in quantum physics, we propose here the ex-
tended equation of HM as a single and universal theory for our
universe.
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1. The definition of the potential function U in Eq. (31)

The definition of the potential function U that used to derive the Schrédinger equation for a one-dimensional harmonic should be

_ p04o [ M 2, M 2 ( 1 ) m (3 )]
U@, 0)=e [ S K®O? 4 2 Ko? + Ko + o (26— SK) @ — S Ko + o (K —E (1)
instead of
® o2 2 2m m 3
U(®.0) = 17 [~ K®o? - JKo? = 5K o + 25 (B~ K)® - 5iKo + 15 (7K ~E) | 2)

in Eq. (31) in [1].
Moreover, the Eq. (2) that was also showed in the 2nd equation in the 15th page of supplementary information should be removed.

2. Missed a “K” in the definition of the potential function U of the supplementary information (line #4 in page #15)

The equation in line #4 of page #15 of the supplementary information [1] should be

_ Lo [ M 2 _m m (3 )]
U(®.0) = e [~ K®0? + S Ko? + St KPo + i (2F - K)d) Ko+ o (SK (3)
instead of
U, o) = e®+0 [— M koo?+ o524 M koo 4 <2E 11<)c1> M ko 4+ (31( E)] (4)
: 212 aw’ taw 2 2 20t o

DOI of original article: 10.1016/j.chaos.2017.07.004
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3. The typos in Eq. (5)

The Eq. (5) should be

oL ) oL

Py i MW—O,A_l,Z,...,n (5)
instead of

aL oL C0A—1.2... .7 (6)

aDA M99, xDA T

4. The typos in the equation of supplementary information (line #3 in page #2)

In the line #3 of page #2 of supplementary information [1], for the Christoffels symbol Ffz should be

" 36| T+ et~ b

- %Gﬂ :886011 * aaGc12>1 8aGc1]>2] 1622[83%2 * 8(’9Gc12>2 - aacf]

3o 52] -2 )| L) -
instead of
"= 36| o+ ot~ o

G G G G aG ble
:_Gz1|:aql)1 I aqz; dqu] _Gzz[ 12, 062 12]

2 e ' 9P do
3G 1/ 1 I (k—De*+] | 1
_ 22 22| _ % -b-0 I
- 3¢ [dcp}_Z(k—le ){ 7% =3 ®)

5. The differential symbol of the equation of supplementary information (line #10 in page #6)

The equation in line #10 of page #6 of the supplementary information [1] should be

2o do 4b + bw

W+k%+ ——(2}‘5)(I> TCOS (wo) =0 )
instead of

2o dd s 4b + b?

To7 Hh +ad ——(Z,B)CID—ﬁcos(wo):O (10)

6. The cosine symbol of the equation of supplementary information (line #4 in page #14)

The equation in line #4 of page #14 of the supplementary information [1] should be

d>o

ot k% + [a sin (®) + N [— (@? + 7)wsin(wo )sin(®) — (w* — 1)wsin(wo )cos(P) + [w? + 50 + 10]

25 4+ 6w? + w*

cos(wo )sin(P) — (3ew? + 5)cos(wa )cos(P) + (@* + Tw)sin(wo )sin(P) + (w? — w)sin(wo )cos(P)

+(w? + 15)cos(wa)sin(P) + (3w? + 5)cos(wo )cos(P) + %a sin (@) — %a cos (CD)i|i| =0 (11)
instead of

2

ZUCIZ) k@ + [a sin (®) + % [— (a)Z + 7)wsin(a)a)sin(®) — (a)Z - 1)wsin(wa)cos(d>)+

+[@* + 50* + 10]cos (w0 )sin(P) — (3w? + 5)cos(@a )cos(P) + (@ + Tw)sin(wo )sin(P) + (w* — w)sin(wo )cos(P)

+(w? + 15)cos(wa )sin(P) + (3w + 5)cos(wo )cos(P) + %a sin (&) — %a cos (®)]] =0 (12)

Please cite this article as: X. Zhai, G. Ren, Corrigendum to “Extended theory of harmonic maps connects general relativ-
ity to chaos and quantum mechanism” [Chaos, Solitons and Fractals 103 (2017) 567-570], Chaos, Solitons and Fractals (2018),
https://doi.org/10.1016/j.chaos.2018.01.032
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7. The cosine symbol of the equation of supplementary information (line #11 in page #14)

The equation in line #11 of page #14 of the supplementary information [1] should be

B

25 4+ 6w? + w*

a’o

do .
o2 +kd_(r + |:oz sin (®) +

[—(w2 + 7)wsin(wo)sin(P) + (w® + Tw)sin(wo )sin(P)
—(@? = N)wsin(wo )cos(P) + (w? — w)sin(wo )cos(P) + [w* + 50* + 10]cos (wo )sin(P)

+(w? + 15)cos(wo )sin(P) — (3w* + 5)cos(wo )cos(P) + (3w* + 5)cos(wa)cos(®)]] =0

instead of
2o do . B , . . , ) )
o7 koo + |:O( sin (®) + 6T o [—(w + 7)wsin(@o)sin(P) + (w® + Tw)sin(wo )sin(P)

—(@? = N)wsin(wo )cos(P) + (@ — w)sin(wo )cos(P) + [w* + 50* + 10]cos (wo )sin(P)

+(w? + 15)cos(wo )sin(P) — (3w* + 5)cos(wa )cos(P) + (3w* + 5)cos(wa)cos(®)]] =

8. The cosine symbol of the equation of supplementary information (line #13 in page #14)

The equation in line #13 of page #14 of the supplementary information [1] should be

o

o7 o* + 5% +10 + w? + 15)cos(wo)sin(¢)] =

do . B
+I<£ + |:a sin (®) + 6T +w4[(

instead of

2
o —klcd;q> + |:oz sin (®) +

B

25 + 6w? + w*

do? " “do [(o* + 50 + 10+ w? + 15)cos(wc7)sin(d>)i| =

9. The symbol of the equation of supplementary information (line #4 in page #17)

The equation in line #4 of page #17 of the supplementary information [1] should be

M:eq’“’{——l(d)a + qaKo? + Ko + o (26 11<>c1> 2 Ko + = (31< E)

do 212 47?2 202 2 2h 212
+d[ TKPo? + JLKo? + LK Do + 9% (2E — JK) @ — J5Ko + 75 (3K — )]
dJo
1 m (3 [~ fLKPo?]
_ pd+o 2 - 2h
—e { 2h21<c1>a +4h21<a + 583 1<<1>a+2h2( E— 21<)<1> N I<a+2h2< K- E) e
d[4h2K02] a[zthq)a] 8[%(2E—%K)d>] 8[—%1{0] 8[%(%]{—@]
+ + + + +
do dJo o do do
1 m (3 d[o?]
_ pd+0 " _ o
—e { Shrk o+ Ka? & S KD 4 o (26 - 5K)© - Ko+ o (7K~ E) - Sk
m 0[0°] do] el
YaiK g + gk P e +0 - gk e +0
:e‘W{ M kdo? + T ko? + Ko + (25 11<)a1>—£1<a+ m (31< E)——1<q>o+ M ko
21 an2 202 2m2 2 202 2m2 2 2
m m
+ﬁ1<c1>—ﬁ1<}
1 m
<I>+cr o - ot
{ 2h21<q>a +4h21<o +2h KPo — 2 1<<I>a+2h2 (25 21<)<I>+2h21<<l> 2h21<a+ 55 " Ko
m /3
o <41< E) 2th}
1 m /1
_ p®+o J_ 2 _ _
= o7 |- ik o? 4 1Ko - S Ko + 5 (26 + 5K)@ - i (3K +E) |

3

(13)

(14)

(15)

(17)

Please cite this article as: X. Zhai, G. Ren, Corrigendum to “Extended theory of harmonic maps connects general relativ-
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instead of

wW(@,0) 4.0 9 1 m m (3
e = et K @0 4 Ko 4 Ko + 5 (2E - 5K) @~ SKa + 5 (K~ E)

+a[ M KPo? + L Ko? + JLKDo + S (2E 1<)q> Ko + 2hz( K—E)] }
do

|- Kdo?
K)o - Ko + m2(31< E)+ , Aake’]

2h? 2h

— pP+o 2
—e { Shpk®o? + Ko & K Do + o (26 -

8[4n2K0'2]+8[2n2K<D0] +8[%(2E_%K)<D] +8[_%K(’] +8[%(4§1K_E)]
do do do do do
1 m m (3 m _ 9[0?]
_ oP+0 2 _ — =
—e { Sk @0+ Ko & S KD 4 o (26— 5K)® = S Ko + o (3K~ E) - ko
0[o?] dlo] dlo]
m o o
gk + k@ 0 gk e 0
1 m m /3
_ p®+o )T 2 - o
—e { thKCIDG +4h Ko? + h1<c1>o+2h2(25 21<)c1> JesKo + 2h2<41< E) h21<c1>o
m
o 1<a+2h21<<1> 2th}
_etio {0 2, L)+ ko - o I
—e { 25K Po? +4h21<a + ok bo — 2 I<<1>o+2h2 (25 SK)® + S5K® — S Ko + o Ko
m /3 m
o (3K ) - 2h2K}
1 m (1
_ P40 )T 2 _ -
—e 51K @O? + ioKo? = SK®o + 3o (26 + 5K) @ - 5 (K +E) | (18)

Reference

[1] Ren G, Duan Y-S. Extended theory of harmonic maps connects general relativity to chaos and quantum mechanism. Chaos Solitons Fractals 2017;103:567-70.

Please cite this article as: X. Zhai, G. Ren, Corrigendum to “Extended theory of harmonic maps connects general relativ-
ity to chaos and quantum mechanism” [Chaos, Solitons and Fractals 103 (2017) 567-570], Chaos, Solitons and Fractals (2018),
https://doi.org/10.1016/j.chaos.2018.01.032



4 e
a-n=—-= T _
I [orp2(T—2D]0 | 7
O z _b.@ op  0p Z [d0 90  op 4 Te@ DO DO Z
—|,.n&= - + n&y - + n&— + p&=17
TN% P leznp wznp  wenpl Yy [zzgp e Tenpl| Py |Tigp  dznp t dazgp 9P T
Z_
.
0p Z [9% e  op Z [d0 e . 90 Z_[aPO  1dO | dO z
(o-q— _ _uun_ - + D=+ - + uu_ + n=="41
p:e&@_ ome H Tinpl "7 T [etng  Teng T Tinpl U1 T [eing  Tepg T Tinpl TPy T [Zing  aznp T digp| a7
Z_
.

oo Z [9% @0 @0 Z [d0 DO DO 7 [qd0 b0 (D0 z
(o-q- _ _ ulu_ - + D=+ - + uuu_ - + D=="1
f:e&@_ ome H npl ™1 Itpp 2np  2npl? 1 "lgp Tinp TinpltFU oy |TInp dlgp Aol Ty T

Do (Y De
_H.%mw@ - QMUU@ MMU@H_Q_\.Ol = Umr—
:S[OqUIAS S[9]J0ISLIY)D)
H — V\ [ [ [
o—p-2 I =zl 0=1z0 -0=0 -o0-9-2= 110
o+2(T—2A)=%p o="p 0=y I, 9=
DLIPIN
P FANE P oAl op (%1 70p
9+ 9+t o+ Nt g ) +— - 41 -
—G ‘D)pe s’ @one™ |1 @one” " (0‘ene™” et ) op\GrE B,

Mo[oq se st (07) uonenbo oyl ‘0 = ,p  {(9)P = ;P :[BUOISUIUIIP OM) 10



0= AHW + ¢ _ — 1T Z 11
AN (-2 7.z (- Mi-= oz
11 1 AT
1 G-m 1 2.2 2= umm -4
prp b Vel
oryM ur
0p 134
0= _H| r~ b 11
0° NN.@A - 7 0 1
H 4+ do HG P AEA op NNH,_:L )+ —
oo™ T ene | Gy 4 ®0 1 ! ®zP
®)ne A Ab.evbmmﬁw+ . I+ L op( I
(o‘d)ne 2zqir -9l +— - _u zop
7 Td N AGALA! 7d N+G|
se 2P
Paje[nded 9q ued ((7) uonenba ayJ,
t_ 00 . I—y
= — A
—bm ,_[L0e _ o0 oe T [PETC=En 7 i
“oel T Nmumlmmum+mm Nmum+ pe _ %6 | o z [ '
e 1 LlZzgp HNwm+§u© DS = Mmeml DO N e -
1~ |2 ~ g T zpg| 07 T
4 oY . !
== 1—2,C
—e@ ,l_[20 _ oe N [PETeE T
tingl 7277 = |t Teng Pl i [Pe _ PO . k
T np Znp  Zinp zz9—+ — _ + (oY QG@ o
T np Zpp Tip HNQI —NH 100 + ®e r4
clcm 1~ Lemp g T amggl o9y T
o N — (o T-e_
T € |, opl_|26 _ 26 e (ora0)e _ et YT
o 17277 = [Tpg " 7ing 2 [ e _ 2o
np lnp ' Zlnp il n (1Y a®0 1
T Do Sbm Sbm HNQI TH 100 + 1dO Z
T He QHU@ QHUQ QNUM” ._“NHr—



[(om)us «MNS — (om)s0d ¢+N3 — (0g — mmv + d(vg — QN* - eal _ meslu ra? = (0'®)N
Py d1poridd e ul wd)sAs duourieyue Jo uonenba ay) : Ised a0y

:uonduUNy [eNuUAoJ

0= —G Mm% e eSL Co-0-2) |2 * MM@NM

T —%C-e- e ev% C-e-mv_ * |« + m

- —g (o-g-2 T ev% C-e-a_ toptt Mhmm

0= H%NNQQ - ) +%:E +%«+FMM

0= A%N%E = 0)-] |%:& +0 +Mﬁwmm +FM

‘a10JaIaY ],

a=-»_ =2z

1T
L 1 zd
! m ._”._“HL




+ ,m + ,m
Y228 (omyson T8 ?m| &M| e?m+ QVM| L mecmw 0rp? = Mﬁbésm

Y0 _
qz € € € T qm
T+ ™ 4 4 4 14 4 4 4 4 4 4

L LA ) s s s o

o505 en-cwn
€ 1 € €
¥+ ™ A 4 ¥ [4 [4 14 4
Absv:_m|lﬁb3vmou|l?llmv|+e?llnvll dO—— ealw 2=
qo qz e 1 e /1 g PO
Y +

Tbsv:_m,v.ﬁ_m|%3l AbsvaU,v._ﬁM|NN3I Aﬁml nvw+ e?ml nVMI 66WI eﬁm_ 14

D () EE R CAE ) LI S il W

— oYY
(o‘p)ne

+ (o .Gv:_ o0+p? =

do

(o‘@)ne



oo
(o‘p)ne

¥+ ™ v+ ™ ¥+ ™ A 4 vﬁ A 4 VN ¥ Nw
— 4+ (0MUIS —=— — (0M)SO)——— (V=—=¢ |-+ D |P==¢)=— ,d0—— .PV= 2 =
TR e /1 e Ju g PO
M—AbﬁwvauE + Ab3vﬁ_m.v+|m3|~ —
z™4q mqzg
GéﬁmELbémsgl?m g fe suumvllNestean o+9? =
qm qc € 1 € 1
+ -0
TbSVEm v +:w3_ 0 Tb3vm8 Tm|m~3_ 0
Y+ ™ Y+ ™ A [4 vﬁ A (4 vm 4 [4
oMUISs —=— — (0M)SO)—=— — (p=—¢|—+ D |(v==9g)=— ,dV0—— .PpV= 2=
(oS =g~ — emse T e 1 e Ju YTe FUogf®
op N
TbSVEmTﬁ_N.|:w3 - AbsvmoQTm|NN3I_ 0
Ab3vﬂ_wE|Ab3vaUE|A§W|QVN+GA6W|QVW|N96N|meﬁm 0+p? =
qm qc € 1 € 1 € T
op
|_|
Y+e0_ Y10 _ (2_g\k Z_g\C_ v_ 4
Tbsv:_m o (om)soo T Aﬁm nVH+eAsm QVH Nesm meﬁLm
Y+ ™ ¥+ ™ A [4 vﬁ A (4 vm 4 [4
oMUIS ——— — (0M)SO)———— (V== g |-+ P (v=—=¢)|=— ,d0—— .PV= 2=
(ms =g~ ey e /1 e Jr e FUogfre

+ (0 .szﬁ o+p? =

op

(o‘@)ne



(0m)s00 q = pf — DOV + Py P

op &P
0
0 = (om)s02q — by — mgé+|f+R
op &P
+.,m 0
on€§WS¢|N|easm|mes+|v\+R
-M™q + q¥ T op &P
0= AbSVEmE + ﬁbstmE — (0m)s0d (il e 35 =
mq qom M+C
™ 0
Ab3vaUE|A6W|van_uAGW|QVN|GAGW|QVW|@AGW+ %.vm|N96N|Neﬁw+meﬁm+meﬁN+|ﬁv\+R
qc € T € T € T € T € € T T op &P
0= :bsv:_mﬁ te® (om)s0o ﬁ\ * NSE - Asm — m.vw
mq M+ € T
V) V) 0
GABW|QVW NGGN|MGS|H+HA.03VC—W,V+N |Ab3vaUE|AGW|QvN|eABW+ valmeﬁwn_umeﬁNan_ulﬁuxn_vm
€ T € qm qc € T € T € T op P
T+ .0 T+ .0 4 (4
oHQM om)UISs ——— + (0M)s0d (——— EIAGIIQV +G?Iluvll dV—— DD w a] +
A v mq 3+N € 4 € € 1 o+@
T+ T+ ™ 4 (4 ad 4
(om)uts ——— — (0m)s0) ——— Aalluvlle? +uv|| dV—+ PP W T ) +|«+|
_M qm qz € £ O (o-0-2) dP P
00 A4 4
0= + ( -3+|«+|
(o‘p)pe (o ev%_ e dP P
‘I0JIdY ],

¥+ ¥+ ™ < ¥ [4 4 14 4 ¥+
(om)uls —=— + (0m)s0d (———)q — A - m.vl +d Awl - m.vl -, dO—— OV Iw 2= Mﬁb3vm00| -
M ™q ?+72 e /1 e J1 e e ™4



[(@)s02 (0m)$03 (§ — ;M) + (P)UIS (9M)S02 (G + ,M)Z + (P)SOd (oM)uls M} —
v+ 79 + S

(@)urs (om)us (€ + ;@)™ Sl

Ebmoucm — (p)urs 6W =(0‘p)n

winnpudd padwep pajxs A[edryawered e jJo uonenba aedurfuou dy) I 3sed 10



y® + ™9 + S¢

[(9)502 (0m)503 (5 = ) + (@)uts (9)502 (§ + ;)2 + (@)509 (O O — (P)uts (PM)uts (g + M) ===
Aevmouam — (p)uts 02 orp? =
T 4
oty y®@ + M9 + G¢ +
([(p)s02 (om)s0d (§ — ,m) + (Pp)uIs (2m)s02 (S + ,M)Z + (d)S0d (oM)uls my — (Pp)uls (om)uis (¢ + ,M)™])p g
o o
+ +
Aﬁevmog m Iv o] Qevﬁm 0 Wv 0
[(@)502 (90)503 (5 = ) + (@)uIs (90)509 (5 + ;)7 + ()50 (9IS 7 = (@)uss (9 (¢ + p)0] L2 L5 o
Aevmouam — (p)uts 02 orp? =
T 4
(oY +
([()s09 (9m)509 (G — ;) + (D)UIS (9M)$03 (S + ,M)Z + (bSO (PW)UIS MYy — (P)WIS (SMIUIS (€ + )] % + ?Emo%m — (p)urs ewv@
[()509 (0@)503 (§ — ;@) + (YIS (0®)509 (§ + ;)7 + (d)s03 (9M)uIs M3y — (W)urs (omYurs (g + ,M)m] Lot L2 5C + NM@ LT
Aevmousm — (p)urs sm orp? =
T 4
ot . P
oo PN 0’ = g o



(Pp)sod (om)uis (€ + ,m)® + (P)so0d (oM)uls My —
y@ + M9+ 5¢

(P)uis (om)uts ™F + (Pp)uls (om)uis (¢ + ,M) ] g +

Aevmg »2 +Eb5m 02 b+emu

T €
[(@)ws (9)500 (§ — ) — (H)SD (0M)S0D (§ + LM)Z + (PIUIS (SM)u1S VY +

(®)s02 (0M)UIs (€ + ;™)@ + (P)S02 (0M)S02 (§ — ;) + (P)UIS (9M)$02 (S + ;)T + (P)SOd (oM)Uls MY —

(@)urs (om)uss (g + )] E +
E&:_mam + (@)s0d sw + EuvmoUem — (@)urs sw ord =

[(@)urs (0m)s0d (§ — ;™) —

H¢3+N3©+mm

(d)s02 (om)s02 (S + ,M)Z + (P)uls (2M)uIs My + (P)s02 (om)uis (€ + ,M)® p +
(p)uiso m + (db)s0d aw + [(®)s02 (2m)s0d (§ — ,™) + (Pp)uls (0M)s02 (G + ,M)Z + (Pp)s0d (oM)uls My —
(Pp)uis (om)uis (¢ 4 ,m)m] E +
S S _
Aevmouﬁm — (p)uis 6& orp? =
[ iy n Y n
((@)s03 (0m)s03 (5 — ;M) ((@)urs (0m)s03 (§ + ,M)7)@
de _ Y ] 7@+ M9 + 5¢ n d0 n Y n
([(@)s02 (om)uis op])e  ([(d)uts (om)urs (g + ,m)@])e J (@sowS-)e " (@usnd)e



|[(@)s02(0m)s03(5 + ,m8) + (@)urs(om)s0r(ST + () +

(d)s0a(om)urs(m — () + (d)urs(om)uIs(m, + ()] A AT (d)s0d P (p)urs sm_ orpd =

g I

[(®)s02 (0m)s00 (§ + ;)T + (d)S02 (20)503 (§ — ,M) + (P)UlS (0M)SOI (G — ;M) — (D)UIS (2M)s0D (§ + ,M)Z +



y® + ™9 + S¢

[()502 (00)502 (5 = 4) + (@)uis (907)502 (5 + V)7 + ()02 (90)uts M — (P)uls (POIUIS (g + ()] ===+
Aevmouam — (p)uts 02 orp? =
1 4
oe vy® 1+ 29 + 5¢ n
([(p)s02 (om)s0d (§ — ,m) + (Pp)uIs (2m)s02 (S + ,M)Z + (d)S0d (oM)uls my — (Pp)uls (om)uis (¢ + ,M)™])p g
0p 0p
+ +
Aﬁevmog m Iv o) Qevﬁm » Wv o)
[(@)509 (27)502 (5 = 27) + (@)U (90509 (5 + 50)Z + ()50 (90)uts 0 — (@uts (9t (g + )] LT LTI ¢
Aevmouam — (p)uts 02 orp? =
1 4
0p 4
(I(#)509 (9m)503 (§ = ) + ()uis (9m)50 (§ + (@) + ()53 (om)uss my — (@)uss (om)uss (g + )] L7 FLELEL 4 ()50 L~ (@yuss v Do
[(®)s02 (0m)s0d (§ — ,™) + (Pp)uls (2M)s02 (G + ,M)Z + (Pp)S02 (2M)uIs M — (Pp)uls (om)uls (¢ + ,M)®] % +
Aevmousm — (p)urs sm orp? =
T (4
oe op

+ (@ DIN| 42 =

~ eone (o'®)ne



[(d)so2(om)s02(S + ,m¢) —

(@)1 (0m)503[0T + ;™G + ,] + (d)S02(EMYWSO(T — ,M) — (B)wIS (P sV, + ;m)—] L2+ eP9+ 52 Nmo tse,

Aevmouﬁm — (p)uis sw 01? =

[(0)s09(0m)$0(§ + ;™€) — (D)u1s(0M)$02[(S + ,M)T + (€ + ;™) @] +

(©)502(0MUISO(T — M) — (P)WS(OMWISO[(E + ™) + (S + ;M) 7—]] v+ NM© L TN

@mo@m - @Emcw ra? =

[[@)s0acompuse(s — ) -

(@)ur (00)s(S + ,0)7 — (6)502(90)509, 0k — (IUS(9m)5090( + L0)0] L2 NM@ I

[()509 (90)500 (§ — ;@) + (IUIS (9)S0D (§ + ;)7 + ()S0D (OMYuIs My —

(@)uws (omurs (g + ;m)m] 2L FE_

g
Aevmouﬁm + (p)uis 6m_ orp? =
1 4
H 0p 4 0p 4
((@)s03 (0m)s03 (5 — ;M) ((@)urs (0m)s03 (§ + ,M)7)@
oe _ oe ] 7@+ M9 + 5¢ n oe n op n
([(@)s03 (om)uis op]e  ([(@)uts (o@)urs (€ + ,@)@])e 7 ((@somi-Ye  (@usn)e



(@)UIS(00)502[0T + @S + , 0] + ()SO2(EPNUISO(T — L) — (PIWIS(EWNUISO(L + )]

(@)UIS(0m)S09(ST + L0) + (B)502(2MYUIS( — () + (P)UIS(OPYUIS(L + ()]

(@)urs(0m)soo[0T + ,MS + ,™] + ()S02(oM)uIsM(T — ,M) — (P)uIs(oM)uIsm(L + ,m)—]

(@)soa(om)urs(m — (@) + (P uIs(oM)uIs(mL + ;)

(@)s00w3 — ()urs

I

0 = |[(d)soa(0om)s0(§ + ,m¢) —

24
[4

0

(®)soow

v @+ M9 + G¢C

|[(@)s02(0m)s03(5 + ,m8) + (@)urs(om)s0r(ST + () +

_¢3+N3©+mm

)

+ (®)50002 + (@)urs v 2 0492

I

|_|
g
[(d)soa(om)soo(g + N3@ +
v® + M9 + G2 4
g
0 0
(@)509 05 + (@)uisn3| + 2Ly 4 220
1 gl or  @p
[(®)s02(0m)s02(S + ,mE) —
y®@ + ™9 + G2 4
g
S S
= — (p)urso= 2+
I z| 7t
0 0
Ablelmv + |ﬁv\ + m
€ dP PP
0 0 0
cu_ o 2 () g+
(0‘®)ne (o‘d)ne| OP PP




0 = (Pp)uis [(om)s0d g + v] + @v\ + A

op b.P
op z9D
0=(P)urs(0m)s02g + (PIWS D + =03 + =
m m 0 0
0= Tevsm@émsﬁ +,m9 + )] 22229 ST (yus a_ Pl
g dP PP
m m 0 0
0= T@EEEESGH + ,M4+0T + ;™G + ,™)] vOFePIH ST (pyus a_ + By 2P
g OP PP

0=|[(@)s00(om)s0a(5 + L)

+ (0)502(0m)503(5 + ,ME) — (GIUIS(OM)SOI(ST + ;@) + (DIWS(OM)SO2[OT + ;G + @] + (B)SO (SPYurS(

1 y+709+57

g

zoP

— ¢™) + (B)s02(0M)UISO(T — ,M) — (G)WS(0MUIS(M/L + M) + (Plurs(oM)ursm (L + ,M)— o

+ (D)us v + 2 +
0 = [[@)soacom)soa(s + zme) +

(@)509(0m)503(S + L08) — (HIUS(OM)$03(ST + 5) + (GUIS(OM)SOI[OT + ;MG + 0] + ()OI OWNUIS(D — @) +

(@)509(om)UISO(T — ;) — (GYWIS(OMYUIS(DL + () + (@YUIS(ODYUISO(L, + 0)—] % + (@usn| + Mﬁm A+ m
4
0= ?@wogm - @v:_gw + ()509(0m)500(S + ,0E) +
(P)urs(om)so2(ST + ;) + (P)so2(o)urs(M — M) 4+ (P)urs(om)uIs(m, + ) + ($)s02(om)so0(§ + ,M¢) —
(@)W1 (905 9[0T + L0 + , @] + (#)50(2OYUIS(T — ;) — (PIUIS(PDYuISV(L + ;)] % + (@urs | + Mﬂm ¥+ m
4
0= Tﬁevmouﬁbsvmeuﬁm + ,m¢) + (P)urs(om)sod(ST + ,M) + (Pp)sor(om)urs(m — @) +
(P urs(om)urs(my + ) + (p)s02(0m)s02(S + ,m¢) — (P)urs(om)so2[0T + ,MS + , ] + (P)so2(oM)ursM(T — ,M) —
(@urs(ompursm(, + ,m)-] 2L 2T 1 (g)s0m 2 — (@)uts v + (@)s00 2+ (@usn |+ 2Ly 4 22
g 1 z T gl op  @.p



¥ ¥ .
((g—x- %+§%| e?m| mmv%+bex%+ Nb&+ Nbex%L o+g? = (2°®)N
e w w T w w w w
¥ Z r ¥ z ,
(g - x%%+ Q%l o0 — va|aN+ bex$| Nbx$| %ex%L o+p? = (2°®)N
0p YY) 70p
0= + (p—p-2) +—
(0'd)ne  (o‘d)ne] @D

PIPY d1poridd e ur widysAs dSruourigyue Jo uonenba ay) ;I 9sed Jd0|



z z z z y z z Z,
f(2+32) 284 o (nE-92) 2+ 0oyt oy E — poyZll ), o= (yE-g2)2ily
1/ w 1 w 1 w
z z z z z z z y z
(7-33) 2 oy D8y oy 2l g (32— 32) Ll b ooy Tl 4 oy - oy Ty ppyZl), o=
c) w 1 w
{(nE-a7)2+
1 w
z z b\ 242 z z z z y z
on Lt oy Bl (g- yT) Dl oy Tl (3L g7) Dl ooy Tl + oy L4 ooy Tl-] 0=
w w ¢/ w w 1 w
_ ®0 L0 e
B — yhlic A YA T _ gy)2dL Nam
[a-yDZE+|e [ongi-le |o(né-a7)Lf +_m lowx 2 _m
® y
0 +Am xmvzm+§%|e9 E|N+E§%+ bx&+ bex%l o0+9? =

|20 Nﬁ_m 002 -]e

Y

?wavNMN+§%|e@m|mmvim+bexmﬁ+ QNEﬁ bexNﬁ _m

(@@= )T+ oA Z = (N =TT ==+ 0PU ==+ 0N ==+ (ODH = E = 5402 =

¥, 2UZ 24z A r4 VEN Uz Uv 24z __ e
€ w w 1 w (o'‘®)ne



op
= [— + (o -&+N
—@ ®)ne (o @:L o ®,P
?Ix v%|e?m+mmv%+bex%| Q%+ EE%@ ?%l
V. Uz uz
QlTVN +§N|+§%|ex%+e yé-az %+bexla|bex%+ bx%+ bex%|
€ T w
?%l
yz yz
exm|+bxml+bexl|ﬁm MLEN+§%|G?W|mmv%+bex%+ bx%+ EE%@ o+e? =
0 0
?If%-ihﬁﬁ
[o]e w [C]le — w
00 4y, 00 242 by 2UZ 24z z uz yz Uy uz
¥+ ) e Gl b R et A|| VNl 0 N| N| N|| =
Lole” w T Lole ( x% A =@ xH AT )= =+ 0N ==+ (0N ==+ 0P o492
0p 00 00
_ gy 24C A4 Z Nam Eu
b L = -~ N
[a-xD _m long-]e ?@H az) & T _mex T Tm _m
00 by 24T 24z z 24z yz Uy yz
+@=-AD= +§||e?|| v|+b TR o =
—be.MNEN _m c . HZ ” (o) + ,0M + 00X 0+9?
0p
|_|
?wavNﬁ+§%|e@m|mmvim+bexmﬁ+ oy 2 4 opyiit—|e
yz
(@-x VN|+§%|e@m|va%+bex%+ bx%+ bex%l prd = o
1 w (o‘d)ne



o
oueTbxmlrﬂI 22
T Wz @gp
Z 0
ouTm+Nbexu| 2P
1 lwzg o,
0
0= Tmm+ Nbex%l_ + 222
wg w 1 @.p
] o
ou_emm:bex&l e
wy w 1 @.p
z z z 1. 2°
ouT?|+mm+xu|mmv&+%exml + 2P
T T w w 1 @.p
by 2UC
ouTmiTv&l
T w
AR z z z z z z 4 4 4 z 0
Am+x|vm+e?l+mmv&+e?llmmv&+bex&|bex&+Nbx&+NbxﬁlmbexplmbexﬁlTR
1/ w T w T w w w w w w w oY
¥y 2UC
ouTmiTv&l
T w
v ¥ ¥ 0
e?m+va%+bex%|N§%+Nbex%|?+xuv%+e?m|mmv%+bex%+Nbx&Jbex%l + 2P
1 w w w w 1/ w 1 w w w w Y
¥y 242 z 4 z 4 4
0= _MG+VTVE|@?|+ mmvp+bex&| vaLan Nbemﬁlw o+0?
T w I w w w w

¥ ¥ 0
MAm + xuv% + o ?m - mmv% +ooy il oyt _ %ex%@ ?ém_ (o) + 0
1/ w I w w w w ®.P






